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Abstract
In the recent successful applications of the non-Abelian discrete symmetry A4 to
the tribimaximal mixing of neutrinos, lepton doublets and singlets do not transform
in the same way. It appears thus to be unsuitable as a family symmetry in grand
unification. A simple resolution of this dilemma is proposed.
To discover a possible underlying symmetry for the neutrino mass matrix, the problem
of having a charged-lepton mass matrix with three very different eigenvalues must be faced.
A proven solution is to make use of a non-Abelian discrete symmetry, such as A4 [1, 2]. This
is the group of even permutations of four objects, which is also the symmetry group of the
perfect tetrahedron [3]. It has 12 elements and 4 irreducible representations: 1, 1′, 1′′, and
3, with the multiplication rule
3× 3 = 1+ 1′ + 1′′ + 3+ 3. (1)
Specifically, for a1,2,3 ∼ 3, b1,2,3 ∼ 3, and ω = exp(2pii/3) = −1/2 + i
√
3/2,
a1b1 + a2b2 + a3b3 ∼ 1, (2)
a1b1 + ω
2a2b2 + ωa3b3 ∼ 1′, (3)
a1b1 + ωa2b2 + ω
2a3b3 ∼ 1′′, (4)
(a2b3, a3b1, a1b2) ∼ 3, (5)
(a3b2, a1b3, a2b1) ∼ 3. (6)
Let
(νi, li) ∼ 3, lci ∼ 1, 1′, 1′′, (φ0i , φ−i ) ∼ 3, (7)
then the charged-lepton mass matrix is given by
Ml =


f1v1 f2v1 f3v1
f1v2 f2ωv2 f3ω
2v2
f1v3 f2ω
2v3 f3ωv3


=


v1 0 0
0 v2 0
0 0 v3




1 1 1
1 ω ω2
1 ω2 ω




f1 0 0
0 f2 0
0 0 f3

 , (8)
where 〈φ0i 〉 = vi. If v1 = v2 = v3 = v (which breaks A4 to the residual symmetry Z3), then
Ml = UL


f1 0 0
0 f2 0
0 0 f3


√
3v, (9)
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where
UL =
1√
3


1 1 1
1 ω ω2
1 ω2 ω

 . (10)
This solves the problem of having a diagonalMl with three independent eigenvalues despite
the presence of an underlying symmetry.
In the neutrino sector, assuming that Mν is Majorana and allowing neutrino masses to
come from Higgs triplets, it has been shown [4] that the form
Mν =


a+ 2b 0 0
0 a− b d
0 d a− b

 (11)
leads to tribimaximal mixing [5] as follows. RotatingMν to the basis (νe, νµ, ντ ) with UL of
Eq. (10), one obtains
M(e,µ,τ)ν = U †LMνU∗L
=


a+ (2d/3) b− (d/3) b− (d/3)
b− (d/3) b+ (2d/3) a− (d/3)
b− (d/3) a− (d/3) b+ (2d/3)

 , (12)
which is diagonalized exactly, resulting in


νe
νµ
ντ

 =


√
2/3
√
1/3 0
−
√
1/6
√
1/3 −
√
1/2
−
√
1/6
√
1/3
√
1/2




ν1
ν2
ν3

 , (13)
where
m1 = a− b+ d, (14)
m2 = a + 2b, (15)
m3 = −a + b+ d. (16)
The tribimaximal pattern of Harrison, Perkins, and Scott [5] is thus achieved. However,
the neutrino masses m1,2,3 remain arbitrary. Nevertheless, in the special cases of b = 0 [6]
3
or a = 0 [7], predictions relating mνe (the kinematic νe mass), mee (the effective Majorana
neutrino mass in neutrinoless double beta decay), and ∆m2atm (the mass-squared-difference
measured in atmospheric neutrino oscillations) are obtained [7].
Since (νi, li) and l
c
i transform differently under A4, this application is not compatible with
grand unification in general. (An exception [8] is conceivable in SU(5), where (νi, li) belong
to the 5∗ representation and lci to the 10.) It is thus desirable to consider instead
(νi, li), l
c
i ∼ 3. (17)
In that case, the natural choice [9, 10] of the Higgs sector is
(φ0i , φ
−
i ) ∼ 1, 1′, 1′′, (18)
which exhibits an already diagonalMl. Although the neutrino mixing patterm may still be
consistent with data, the predictivity of Eq. (11) is now lost.
The resolution of this apparent dilemma is actually very simple. Instead of the Higgs
assignments of Eq. (18), let
(φ0i , φ
−
i ) ∼ 1, 3, (19)
instead. Then
Ml =


h0v0 h1v3 h2v2
h2v3 h0v0 h1v1
h1v2 h2v1 h0v0

 . (20)
Again for v1 = v2 = v3 = v, it is exactly diagonalized:
Ml = UL


h0v0 + (h1 + h2)v 0 0
0 h0v0 + (h1ω + h2ω
2)v 0
0 0 h0v0 + (h1ω
2 + h2ω)v

U
†
R, (21)
where UL = UR is given again by Eq. (10). This means that Eq. (11) forMν again predicts
tribimaximal mixing as desired. The obstacle to having a grand-unified model within this
context is removed.
4
In the quark sector, Mu and Md are also of the form of Eq. (20), thus predicting
VCKM = 1 in the limit of v1 = v2 = v3 = v as noted before [2]. This is not such a bad
first approximation and it may be possible to recover a realistic VCKM from explicit soft A4
breaking terms.
In the context of the discrete symmetry ∆(27) which has recently been proposed [11, 12],
the analogous 3× 3× 3 decomposition has 3 invariants, resulting in the form
Ml =


h0v1 h1v3 h2v2
h2v3 h0v2 h1v1
h1v2 h2v1 h0v3

 , (22)
which has the same limit as Eq. (20) for v1 = v2 = v3 = v. However, Eq. (11) forMν is not
as easy to obtain as in A4.
In conclusion, thanks to Eq. (21), it has been shown that A4 is a suitable candidate
family symmetry in grand unfication, allowing all quarks and leptons to transform according
to its 3 representation, and predicting the tribimaximal mixing of neutrinos.
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